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Abstract
In a recent paper [1] it has been claimed that to one-loop order in noncommutative φ4 scalar
field theory using dimensional regularization the UV and IR divergencies decouple. We point
out that this statement is incorrect.
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1The mixing of the ultraviolet and infrared divergencies of nonplanar diagrams con-
stitutes one of the most serious problems for the renormalizability of noncommutative
quantum field theories [2, 3, 4]. Specifically we consider the noncommutative Euclidean
scalar φ4 theory leaving aside discussions on the Minkowskian space-time formulation
[5, 6, 7] as well as omitting gauge theory complications, see e.g. [8]. The Lagrangian is
given by
L(x) = 1
2
(∂µφ)
2 +
1
2
m2φ2 +
g2
4!
φ ⋆ φ ⋆ φ ⋆ φ (1)
where the ⋆ product is defined as
(φ1 ⋆ φ2)(x) = e
i
2
θµν∂
y
µ∂
z
νφ1(y)φ2(z)|y=z=x (2)
and where θµν is the constant, antisymmetric noncommutativity parameter matrix.
Several authors used dimensional regularization for analyzing divergencies within the
noncommutative setting of quantum field theory, see e.g. [9, 10, 11, 12] and also recently
[1]. In this last work it was asserted that to one-loop order the UV/IR mixing should be
seen as a regularization prescription depending artifact and that using dimensional regu-
larization the UV and IR divergencies are decoupling. We point out that this statement
is incorrect:
At the one loop level the essential contribution of the nonplanar tadpole diagram is
given by the n-dimensional integral
I(n, p) =
∫
dnk
(2π)n
eikµθ
µνpν
(k2 +M2)
=
m
−2+n
2 (p ◦ p) 2−n4 K−2+n
2
(m
√
p ◦ p)
(2 π)
n
2
(3)
where p◦p ≡ −pµθ2µνpν . As in n = 4 dimensions the integral is not absolutely convergent,
the limits n→ 4 and pµ → 0 cannot be expected to commute. Performing first the n→ 4
limit (i.e. considering vanishing dimensional regularization) we immediately have
I(4, p) := lim
n→4
I(n, p) =
mK1(m
√
p ◦ p)
4 π2
√
p ◦ p . (4)
Subsequently we obtain for small pµ
I(4, p) =⇒ 1
4 π2 p ◦ p +
m2(−1 + 2γ + logm2 p◦p
4
)
16π2
+O(p ◦ p) for pµ → 0. (5)
2Conversely, keeping the ultraviolet regularization by fixing n < 2 (allowing analytic
continuation only later on) the limit pµ → 0 can be performed easily exploiting basic
properties of the Bessel functions
I(n, 0) := lim
pµ→0
I(n, p) = lim
pµ→0
[
(p ◦ p)−n2
(
−π
1−
n
2 csc(npi
2
)
4 Γ(2− n
2
)
p ◦ p+O(p ◦ p)2
)
+
m−2+n π1−
n
2 csc(npi
2
)
2n Γ(n
2
)
+O(p ◦ p)1
]
= (4π)−
n
2m−2+nΓ(1− n
2
) (6)
Eventually, we obtain for n→ 4
I(n, 0) =⇒ m
2
8 π2 (n− 4) +O(1) for n→ 4. (7)
The discrepancy of (5) and (7) is a manifestation of UV/IR mixing in complete analogy
to the discussion of [2, 3, 4]. We conclude that to one-loop order there does not exist
UV/IR decoupling within the dimensional regularization scheme.
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